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Abstract. We define the holomorphic Fourier transform of holomorphic func- 
tions on complex reductive groups, prove some properties like the Fourier in- 
version formula, and give some applications. The definition of the holomorphic 
Fourier transform makes use of the notion of i^-admissible measures. We prove 
that ii'-admissible measures are abundant, and the definition of holomorphic 
Fourier transform is independent of the choice of /^-admissible measures. 



Let / be a holomorphic function on C \ {0}. It is a standard result in complex 
analysis that the Laurant series 



of / converges locally uniformly on C \ {0}. From the viewpoint of representation 
theory, z i— > (n € Z) are the holomorphic representations of the multiplicative 
group C \ {0}. In this paper, we generalize this fact to complex reductive groups. 

Let G be a complex reductive group. Denote the space of holomorphic functions 
on G by TL{G). Our main goal is to expand any / G Ti.{G) as a holomorphic Fourier 
series 



which converges locally uniformly on G, where tt runs over all holomorphic repre- 
sentations of G, TTij are the matrix elements of n. Note that H(G) can be endowed 
with a structure of Frechet space for which convergence is equivalent to locally 
uniform convergence, the Fourier expansion implies that the subspace S of 7i(G) 
consists of linear combinations of matrix elements of holomorphic representations 
of G is dense in T-C{G). We then prove that the holomorphic Fourier expansion satis- 
fies the usual properties of Fourier expansion like the Fourier inversion formula and 
the Plancherel Theorem. We also provide applications of the holomorphic Fourier 
expansion to holomorphic class functions and holomorphic evolution partial differ- 
ential equations on G. 

To do this, we select a class of auxiliary measures on G, which are called K- 
admissible measures in this paper. A measure dfx on G is admissible if 
(1) dfi is of the form dfj,{g) = ^{g)dg, where dg is a (left) Haar measure, /x is a 
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measurable function on G locally bounded from below; 

(2) all liolomorphic representations of G are L^-d/i-integrable; and 

(3) c?/i is A'-bi-invariant, where K is a. chosen maximal compact subgroup of G. 
Condition (1) implies that an L^-c?/^-convergent sequence of holomorphic functions 
is locally uniformly convergent. So we can prove the locally uniform convergence 
of a sequence of holomorphic functions by showing that it is L^-c?/^-convergent, 
which is usually easier to handle. Condition (2) ensures that the matrix elements 
of holomorphic representations are L^-d/i-integrable. So we can first expand func- 
tions as Fourier series in the sense, and get the locally uniform convergence by 
Condition (1). Condition (3) enable us to use representation theory of the compact 
group K. We will show that admissible measures on G are abundant enough. 
In particular, for any / G Ti.{G), there exist a if-admissible measure dfi such that 
/ is L'^-d/i-integrable. 

The main idea to expand holomorphic functions on G as Fourier series is as fol- 
lows. We first prove two theorems of Peter- Weyl-type on G, which, among other 
things, provide an orthogonal basis of the Hilbert space of L^-c?/i-integrable holo- 
morphic functions, consisting of the matrix elements of holomorphic representations 
of G. Then, for a holomorphic function f on G that is to be expanded, we choose a 
A'-admissible measure d/i such that / is L^-d/i-integrable. By the Peter- Weyl-type 
theorem, / can be expanded as a Fourier series in the sense. Since L^-dfi- 
convergence implies locally uniform convergence, we get the locally uniformly con- 
vergent Fourier expansion of /. Then we prove that such expansion is independent 
of the choice of the X-admissible measure d/j,. 

Now we review the contents of the following sections more closely. After a brief 
recollection of properties of complex reductive groups in Section 2, we will de- 
fine the notion of AT-admissible measures in Section 3, and prove that they are 
abundant. Two theorems of Peter- Weyl-type, that is, the case and the locally 
uniform case, will be proved in Section 4. The Peter- Weyl-type theorem is 
due to Hall [T]. In his proof of the completeness part of the theorem. Hall used 
some analytical techniques like change-of-variables on G, Laplace operators, and 
the Monotone Convergence Theorem. Our proof of the completeness part will be 
group-representation-theoretic. We will make use of the complete reducibility of 
representations of compact groups. The holomorphic Fourier transform will be 
studied in Section 5. The Fourier inversion formula and the Plancherel Theorem 
will be proved. Some basic properties of the holomorphic Fourier transform will 
also be given. Section 6 will be devoted to applications of the holomorphic Fourier 
transform to holomorphic class functions and holomorphic evolution partial differ- 
ential equations on complex reductive groups. 

The first author would like to thank Professor Xufeng Liu for helpful discussion, 
and for his successive help and encouragement. 

2. Preliminaries on complex reductive groups 

The notion of "reductive groups" has different definitions by different authors. 
For technical reason, we adopt Hochschild We briefly recall some properties of 
complex reductive groups below, which are to be used in the following sections. The 
detailed proofs can be found in [2] or other textbooks on Lie groups. For simplicity, 
all Lie groups in this paper are assumed to be connected, although many assertions 
also hold if "connected" is replaced by "with finitely many connected components" . 
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Definition 2.1. (Hochschild [2J) A complex Lie group G is reductive if G admits a 
faithful finite-dimensional holomorpliic representation and every finite-dimensional 
holomorphic representation of G is completely reducible. 

Every complex semisimple Lie group is reductive. C* — C\{0}, as a multi- 
plicative group, is reductive. But C and C/Z^, with the canonical holomorphic 
structures, are not reductive. In fact, we have 

Proposition 2.1. A complex Lie group G is reductive if and only if G has the form 
(H X (C*)")/r, where H is a simply connected complex semisimple Lie group, T is 
a finite central subgroup of H x (C*)". 

The following two propositions concern the relations of complex reductive groups 
and their maximal compact subgroups. For a compact Lie group K, we denote its 
complexification by Kc- 

Proposition 2.2. The complexification of a compact Lie group is reductive. Con- 
versely, all maximal compact subgroups of a complex reductive group is connected, 
and any two of them are conjugate. Moreover, if K is a maximal compact subgroup 
of a complex reductive group G, then G = Kc . 

Proposition 2.3. Let G be a complex reductive group, K a maximal compact 
subgroup of it. Then every finite- dimensional unitary representation a : K U{n) 
of K can be uniquely extended to a holomorphic representation au : G GL{n, C), 
and a is irreducible if and only if au is irreducible. 

We denote by K the unitary dual of K, and by Gn the set of equivalence 
classes of all finite-dimensional holomorphic irreducible representations of G. By 
the above proposition, we have a bijection Gu ^ K {[n] ^ [t:\k]), where [•] denote 
the equivalence class of a representation. 

The next proposition will be useful in the following sections. 

Proposition 2.4. (^4 , Lemma 4-11.13) Let G be a complex reductive group, K a 
maximal compact subgroup of it. Suppose /i,/2 are holomorphic functions on G. 
U fi{^) f2ix) for all x ^ K, then fi — f2 on G. 

3. ii'-ADMISSIBLE MEASURES 

In this section we introduce the notion of iC-admissible measures on complex 
reductive groups, and prove that i^"- admissible measures are abundant enough. To 
do this, we first consider a class of measures on general Lie groups. 

Definition 3.1. Let G be a Lie group. A measure d/i on G is tame if it has the 
form d/i — fj.dg, where dg is a (left) Haar measure on G, /i is a measurable function 
on G which is locally bounded from below, in the sense that, for every x G G, there 
is a ^ > and a neighborhood U oi x such that fi{y) > 5 for almost all y e [/ (with 
respect to dg). 

Let G be a complex Lie group. Denote the space of continuous functions on G 
by C{G). For g G G, we define the right action Rg and the left action Lg of g on 
G(G) by 

{Rgf){h) = fihg), 
{Lgf){h)^f{g-^h), 

where / G C{G),he G. 
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Lemma 3.1. Let G be a Lie group. Suppose T is a countable subset of C{G). 
Then there exists a tame measure dfj, on G such that for all gi, g2 E G, f G J-', we 
have Rg^Lg^f G L^{G, d/i). 

Proof. Let T = {/i, /2, • ■ • }■ Choose a left-invariant metric d{-, •) on G. Then for 
g,h G G, we have 

(3.1) c/(e, gh) < d{e, g) + d{g, gh) = d(e, g) + d{e, h). 

Let 

/sTn = {g e G : d{e,g) < n} 

for each n G N, and denote 

M„ = max{|/fc(5)|2 : g £ i^„, 1 < /c < n}. 
For each n G N, choose a„ > such that 

anM2n\Kn\Kn-i\ < 

where \S\ denotes the measure of a subset S C G with respect to a fixed Haar 
measure dg on G. We may also assume that a„+i < a„ for each n. Define ^{g) = a„ 
when g S Kn\K^n-i, and let dfi(g) — ^{g)dg. It is obvious that d/i is a tame 
measure. We claim that dpi satisfies the conclusion of the lemma. In fact, for any 
pair hi,h2 G G, choose a positive integer N such that max{d(e, hi), d{e, /i^^)} < -j- 
By the inequality (|3.ip . we have 

d{e,h2^ghi) < d{e,g) + N. 

This means that h^^Knhi C ifn+7V for each n e N. Now for each n G N, we have 

/ |(i?,,L;,,/„)(5)pd/i(5) 
= / \fn{h2'ghi)\'^i{g)dg+Y, \fn{h2'ghi)\'f,ig)dg 

< / M2Ar_iaid<7+ > / M„ 

= Af2Ar-iai|A'Ar_i| + ^ M„+Ara„ |ii:„\i4:„_i | 
n=N 
-t-oo 

n 

n=N 
+00 

<M2N~iai\KN-i\ 

< + 00. 

So RhiLh^fn e HL'^{G,dfi). This proves the lemma. □ 

Now let G be a complex reductive group. Let 'H(G) denote the Frechet space of 
holomorphic functions on G, with respect to the semi-normspj(:(/) = snpg^x l/(5)li 
where X is any compact subset of G. Convergence of a sequence in 'H(G) with 
respect to the Frechet topology is equivalent to locally uniform convergence. For 
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a tame measure c?/i on G, let HL^{G, dfi) denote the space of L^-d/i-integrable 
functions in Tl{G), with the inner product 



(/i,/2)= / /i(5)/2(ff)d/i(5). 
Jg 

If a sequence /i,/2,--- in Ti,L^{G,dfi) L^-converges to a measurable function /, 
then it also converges locally uniformly to /. This implies that / G HL'^ {G , dpi) . 
Hence TCL^{G, dfi) is a Hilbert space. 

Let be a maximal compact subgroup of G. For a finite-dimensional holo- 
morphic representation tt of G with representation space V^^ of dimension cZtt, we 
always choose a fixed inner product (•, •) on V^^ such that the restriction of tt to if 
is unitary. We also choose a fixed orthonormal basis {ej} of with respect to this 
inner product, and let 

T^tjig) = (7r(5)ej,ej) 

be the matrix elements. For an n x n matrix A, we let = tr(yl^*) = 

Y.",j=i Then we define 



/ \\7Tig)rd^iig) 
Jg 

for a tame measure d/i on G. 

Definition 3.2. Let the notations be as above. A tame measure d^ on G is K- 
admissible if it is iiT-bi-invariant and such that G-rr^p, < +00 for each [tt] G Gh- 

Theorem 3.2. Let G be a complex reductive group, J- be a countable subset of 
Ti.{G). Then for any maximal compact subgroup K ofG, there exists a K-admissible 
measure dpi such that for all gi , 52 G G, / £ JF, we have Rg-^ Lg^ f £ TiL^ (G, dpi) . In 
particular, we have J- C Ti.L^{G,dp,). 

Proof. Applying Lemma 13.11 to the countable set of holomorphic functions J-' = 
J-[J{7Tij : i, j — 1, ■ ■ ■ , d^r, [tt] 6 Gu}, we get a tame measure dv on G such that 
Rg^Lg^TTij,Rg^Lg^f £ HL"^ [G , dv) {ox all (71,32 G G, / G T. Suppose dv{g) — 
v[g)dg, and let 

^(ff) ^ ^{xgy) dxdy, 

JK JK 

where dx, dy refer to the Haar measure on K. Then is a iiT-bi-invariant function 
on G locally bounded from below, and then the measure dii{g) — fi(g)dg is a 
if-bi-invariant tame measure. We claim that if a function / G 'H{G) such that 
RxiLx2f e HL'^iG, dv) for all xi,X2 G K, then / G HL'^{G, dp). In fact, 



\f{9)?d^,{g) 



G 

l/(5)lV(.9)rf3 

G 

2 



1/(5)1 v{xgy)dxdydg 

G JK JK 



\f{x ^gy ^)\^v{g)dgj dxdy 
\{Ry-iLxf){g)\^ dv{g) \ dxdy. 



K Jk 



K JK 
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By the assumption, jQ\{Ry-iLxf){g)\^ di^ig) < +00, and a standard analytical 
argument shows that it is continuous in {x,y). So J^, \f{g)\'^dii{g) < +00, that is, 
/ e HL^{G,dfi). Applying this fact to the functions nij, Rg^Lg^f (/ e T), we get 
TTij G HL"^ {G , dfj.) (which means that C^,^ < +00) and Rg^Lg^f S HL'^ {G , dfi) . So 
the measure d/x is ivT-admissible and satisfies the conclusion of the theorem. □ 

4. Theorems of Peter- Weyl-type 

The classical Peter- Weyl Theorems claim that the linear span of matrix elements 
of irreducible representations of a compact group is uniformly dense in the Banach 
space continuous functions on the group, and is L^-dense in the Hilbert space of L^- 
integrable functions, which are the starting point of harmonic analysis on compact 
groups. We prove in this section the similar results for complex reductive groups, 
which are the base of holomorphic harmonic analysis on such groups. The analog 
is due to Hall ^Lj, Theorems 9 and 10. But our proof of the completeness part of the 
Peter- Weyl-type theorem is shorter, which makes use of representation theory 
of compact groups. 

Roughly speaking, the Peter- Weyl-type theorem claim that certain regular 
representation of the complex reductive group is completely reducible. We first give 
the precise definition. 

Definition 4.1. Let G be a complex Lie group with a tame measure d/i. The right 
and left holomorphic regular representations tt^.r and Tr^.i of G on 7iL^(G,d/x) 
are defined by 

(7r^,fl(5)/)(M = f{hg) 

and 

{^,A9)fm = f{g-'h) 

respectively, where / G 'HL^{G, d^), g,h ^ G. For an element g ^ G, the domains 
of 7rp,fi(g) and ir^.Lig) are 

n^f^Ag)) = {/ e HL^{G,dfi) : / \f{hg)\^dfi{h) < +00} 

Jg 

and 

V{7r^^L{g))^{feHL^{G,dfi): f \f{g-^h)\^dfi{h)<+^} 

Jg 

respectively. 

Remark 4.1. One should notice here that 7r^,_R(g) and iTf^^Lig) are unbounded 
operators in general, that is, their domains are not necessarily the whole space 
TIL^{G, d^). But if some g ^ G such that {rg)^dii — d/i (or {lg)^d^ = d/i), then 
'D{TTfj.,ii{g)) (or P(7r^.L(<7))) is the whole HL^iG, dfi). If G is complex reductive and 
d^ is if-admissible, we will show that there is a dense subspace £ of T-LL^{G,d^) 
such that £ C P(7r^._R(.g)) n P(7r^,L(5)) for aU g G G. 

Let G be a complex reductive group, K a maximal compact subgroup of it. For 
a finite-dimensional holomorphic representation tt of G with representation space 
V-^ of dimension d^^^ we denote the linear span of the matrix elements {-Kij : i,j — 
1, • • • ,d^} of TT by £^^, and let £ be the hnear span of {£.„ : [tt] G G-^}. Note 
that for a tame measure fj, on G, G^,^ = ||7r(5)|p d/i(g) < -f-00 if and only 
if £^ C HL'^{G,dn). So if dfi is if-admissible, then £ c TiL^ {G , dfi) . We let 
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TT{g) = 7r(g ^Y, where A* denotes the transpose of a matrix A. Then tt is also a 
holomorphic representation of G, and tt is irreducible if and only if n is irreducible. 

Theorem 4.1. Let G be a complex reductive group with a maximal compact sub- 
group K and a K -admissible measure dfi. Then we have 

(i) HL'^{G,diJ,) = 0[^]gg^ £n, and the set 

{-J^='^i3 -iJ = '^,--- ,dn, [tt] e Gu} 
is an orthonormal basis of 'HL'^{G,dij). 

(ii) For each g ^ G, the domains ^{^^^^(g)) and 'D(T:^^L{g)) contain the linear 
span £ of {Stt ■ [tt] G G-h}, and hence are dense in HL'^ {G , dfi) . 

(Hi) Both 7rn^ji{g) and 7r^,L(5) are completely reducible and can be splited as direct 
sums of elements of G-h, each [tt] € G-h occurs with multiplicity d.^. 

(iv) For 1 <i < d^, the subspace of E^, (resp. S:^) spanned by the i-th row (resp. 
the i-th column) of the matrix {nij) (resp. (jTij)) is invariant under tt^^r (resp. 
'^ti,L), and the restriction of Wfi^n (resp. tt^.l^ to this subspace is equivalent to w. 

Proof. We first show that for any [tt], [tt'] G G-h, wc have 

■ c 



(4.1) ^7r,,(5K,(5)dM5) = |^' 



if [tt] = [7r'],i = k,j = /; 
otherwise. 



For each linear transform A : V^' —* V,^, define 



A = [ n{g)An'{grdi^ig), 
Jg 



where ir'ig)* is the adjoint of 7r'((j() with respect to the chosen inner product on 
Vt^i. For each x £ K, hy the X-lcft-invariancc of ri/i. wc can easily prove that 
7r(a;)^7r'(a;)~^ = A. So A is an intertwining operator between tt\k and it'\k. Since 
'k\k and ■k'\k are irreducible, by Schur's Lemma, we have 

A= f .ig)AA9Td,(g) = ['^ ^ ^^^^ ^ 

where ca is a constant. If [tt] ^ [tt'], by the arbitrariness of A, we have 

Jg 

That is, £,r-L^7r'- Now assume n = tt'. Then 

Aij =^Aki / TTikig)TTji{9)dii{g) = CASij, 
k,i •''^ 

where (Ay) is the matrix form of A with respect to the chosen bases of V^. Ifi ^ j, 
we have 

/ TTik{g)Trji{g) dn{g) = 0, i 7^ j. 
Jg 
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Hence two matrix elements of tt which he in different row arc orthogonal. Now take 
i — j, {Aki) = Ekk, where Ekk is the matrix with 1 at the (/c, fc)-position and 
elsewhere, then we obtain 



'^ik{9)T^ik{g)dn{g) = CE^k 

'G 

for 1 < « < (i7r • Hence the matrix elements lying in the same column have the same 
norm. 

For an endomorphism A oiV-^, we define 

3 = / 4.g)*A^(5)d/.(5). 

JG 

Then, similarly, by the ii'-right-invariance of d/i, A is an intertwining operator of 
'k\k and then A = c'j^Id^ for some constant c^. So we have 

Aij^y^Au / T^ij{g)T^ki{g)d^i{g) ^ c'j^S^j. 
k,i ■'G 

Then 



Try {g)T^kt (g) dn{g) = 0, i ^ j, 



TTkt{g)nkt{g) dfi{g) = c'e^^- 

Hence two matrix elements which lie in different columns are orthogonal and the 
matrix elements lying in the same row have the same norm. 

Combining the above results, we get the conclusion that two different matrix 
elements of tt are orthogonal and all matrix elements of tt have the same norm. 
Moreover, we have 



dljG 



■^tji9)'^i3{g)dKg) 

nkiig)TTki{g) dfi{g) 



k.l=l 



-.±JJn{g)rd^,{g) 



dl ■ 

This completes the proof of (|4.ip . 

Now for each [vr] G Gh, consider the action of tt^ and 7r^,L on We have 



{'^^J..Mg)^^j)ih) ^Tr^j{hg) = YTTik{h)nkj{g), 

k=l 

{nf,x{g)T^ij}ih) ^n^j{g-'^h) ^Ynk^ig)^^k]{h). 



fc=i 
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That is, 

fc=i 

fc=i 

Hence St; is contained in the domains of 7r^._R(g) and tt^.lIs), and for 1 < i < d-^, 
the subspace of £■„ spanned by the z-th row (resp. the i-th column) of the matrix 
(TTy ) is invariant under 7r^._R (resp. tt^.l), and the restriction of tt^^/j (resp. 7r^,L) to 
this subspace is equivalent to tt (resp. tt ). For tt^^l, its restriction to the subspace 
of £^ spanned by the i-th column of (tt^ ) is equivalent to tt = tt. 

The set (4.2) spans a closed subspace V = £ = 0j^]gg^ ^tt of HL'^ [G , d^i) . 
We prove that V = TCL^ (G , dii) . If not, since V is invariant under 7r^,fl and then 
invariant under 7r^,fl|if, which is a unitary representation of K, 7^ is also 
invariant under tt^^aIk- Because a representation of a compact group is completely 
reducible (FoUand |:3^, Theorem 5.2), we can choose an irreducible subspace W of 
V'^ under tt^^rIk- By Proposition [2?3l the restriction of tt^^r\k on W is equivalent 
to tt\k for some [tt] G G-h- We choose a suitable basis {/i, • • • , /d, } of such that 
with respect to this basis, the matrix of the subrepresentation of vr^ /flif on W is 
(TTylif). Then 

d^ 

f,{gx) = {TTf,^ii{x)fi)(g) = YTTjz{x)fj{g), x e K, g e G,i ^ 1, ■ ■ ■ 
Let g — e, we have 

= X! fj(^)'^jd^), X e K. 

Since /^'s and tt^ 's are all holomorphic on G, by Proposition 12. 4|, we have 

d„ 

i=i 

So /i e fjr, which contradicts to WJ-V. The proof of the theorem is completed. □ 

Theorem 4.2. Let G be a complex reductive group. Then £ is a dense subspace of 
the Frechet space 7i{G). 

Proof. Choose a maximal compact subgroup K of G. Let / £ 7i(G). By Theorem 
13.21 there is a ii'-admissible measure d/i on G such that / G HL^{G,dii). By 
Theorem 14.11 / lies in the closure of £ with respect to the Hilbert topology on 
HL'^ {G , dfj.) , hence lies in the Frechet topology on TL{G). This proves the theorem. 

□ 

5. Holomorphic Fourier transforms on complex reductive groups 

As in the previous section, let G be a complex reductive group. Choose a max- 
imal compact subgroup K of G. For each holomorphic function / G 'H{G), by 
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Theorem 13.21 there exists a iiT- admissible measure dfi such that / S HL'^ {G , dfi) . 
Then by Theorem 14.11 we can expand / as 

(5-1) = XI 51 ^^.y'^^i ' 

where 

(5.2) K,.j = ^ f f{g)^)d^x{g). 

Equation (|5.ip is called the holomorphic Fourier series of /. It obviously converges 
in HL^ (G, d/i) by Theorem 14.11 hence also converges locally uniformly. 

Remark 5.1. When G = C* , the Fourier series (|5.ip is just the Laurant series in 
complex analysis. 

Now we give the definition of the holomorphic Fourier transform of / G H{G) as 
follows. 

Definition 5.1. For / G TL{G), its holomorphic Fourier transform f is defined by 

(5.3) /(tt) = ^ / figMg)* dfiig), [tt] g Gn, 

^1T,fi JG 

where dfi is a if- admissible measure on G such that / G HL^{G, d^). 

Note that /(tt) is an operator in the representation space Vtt of tt. With the 
orthonormal basis {cj} of Vt^ that we have chosen, /(tt) is given in the matrix form 

1 



(5.4) fiT^)v^7^ fig)T^dg)dK9) 



(5.5) /(7r)y = ^TT^'r,^*. 



Comparing this equation with formula (5.2), we have 

1 

4 

The following proposition shows that the Fourier transform is independent of the 
choice of if-admissible measures. To avoid the ambiguity, we denote the holomor- 
phic Fourier transform of / G Ti.{G) by for the moment, when the if-admissible 
measure involved in the definition is dfi. 

Proposition 5.1. Let dfi and dv be two K -admissible measures on G. If f 
nL^{G,dfi)r\HL^{G,di^), then ff, = U. 

Proof. To be precise, we rewrite the symbol Ajr.ij defined in (5.2) by ^j. So by 
(15.11). we have 



Let _ftr be a maximal compact subgroup with the normalized Haar measure dx. Since 
the above series converges locally uniformly, it converges uniformly on K. But on 
the compact group K, uniform convergence implies convergence in L^{K,dx), so 
the series 

f\K = E E K^tj'^ijlK 
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is in fact the Fourier series oi fix on K. Hence the coefficient ij is uniquely 
determined by /{k, which is independent of ^. That is, ^ — X'^^ij- By equation 

(5.5) , we get = □ 

Thanks to this proposition, we can omit the subscription and simply denote the 
Fourier transform of / by /. 

Theorem 5.2. For f G TiiG), we have the Fourier inversion formula 

(5.6) /(ff)- 5] dltr{f{^)'K{g)). 

The series converges locally uniformly. If dfi is an K -admissible measure such that 
f G Ti.L^{G,d^), then the series also converges in Ti.L^(G,d^). 

Proof. Suppose djj, is a if-admissible measure with / G 7iL^(G, d/x). By equation 
(5.5), we have 

dx 

K,^j^l^J{g) =dl /(7r)ji7ry(5) 
=4tr(/(7r)7r(g)). 

By dni]), we get 

/(.g)= Y dltr{f{n)n{g)). 

It obviously converges in HL^{G, dfi), hence also converges locally uniformly. □ 
Corollary 5.3. For f G T-l{G), we have 

(5.7) /(e) = Y dltrim). 

□ 

Equation (5.7) can be viewed as a version of Plancherel Theorem, which reflects 
the completeness of the holomorphic Fourier analysis. 

Now we give the relation between the Fourier transform of a function / G ^{{G) 
and the Fourier transform of Rgf and Lgf for g G G, where Rg and Lg are the 
right and left actions of g on H{G), respectively. 

Theorem 5.4. For g & G and f G TL{G), we have 

(5.8) (i?g/)»-7r(.9)/(7r). 

(5.9) (ij)» = m^g-')- 

Proof. We first prove (5.8). By Theorem l3.2l we can choose a /C-admissible measure 
dfi on G such that Rgf & Ti.L'^{G, djj) for all g ^ G. For x £ K, n{x) is unitary, so 
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we have 



(i?,/r(7r) = 



1 



1 
1 

7r(a;) 



f{hx)7r{h)* dnih) 
f{h)Tr{hx-^)* d^l{h) 
f{h)n{x-^)*Tr(h)* dn{h) 
f{h)n{hr dfi{h) 



=7r(a;)/(7r). 

That is, {R^fy{7T) = 7r(a;)/(7r) for aU x e K. But {Rgfy{Tr) and 7r(.g)7(7r) are 
holomorphic with respect to g G G, by Proposition 12.41 (i?g/)'"(7r) = '^{g)f{T^) for 
all g ^ G. This proves (5.8). The proof of (5.9) is similar. □ 

We now consider the Fourier transform of a function under the action of invariant 
differential operators. Recall that a left-invariant differential operator D on G can 
be viewed as an element of the universal enveloping algebra U{g) of the Lie algebra 
Q of G, and a finite-dimensional representation tt of G induces a representation of 
U{g), which we also denote by tt. 

Corollary 5.5. Suppose D is a left-invariant differential operator on G, then for 
f G Ti.{G), we have 

(5.10) {Dfrin) = n{D)!{^). 

Proof. By the Poincare-Birkhoff-Witt Theorem, D can be expressed as a linear 
combination of the monomials X1X2 ■ ■ ■ Xr, where Xi G g. So without loss of 
generality, we may assume D = X E g. Now 



So by (5.. 



_d_ 



_ d 
^dt 



t=o 



fige 



t=o 



{Re^-f){g)- 



(i?,.x/)l^) 



t=0 



7r(e*^)/(^) 



MX)f{^) 



This completes the proof. □ 

For right-invariant differential operator we have a similar argument, which is 
deduced from (5.9). We state the conclusion below. Its proof is similar to that of 
the above corollary, we omit it here. 

Corollary 5.6. Suppose D' is a right-invariant differential operator on G, then 
for f G Ti.{G), we have 

(5.11) {D'fnn) = f{7T)7T{D'). 
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□ 



6. Applications of the Holomorphic Fourier transform 

In this section, we give two applications of the holomorphic Fourier transform. 
One is to holomorphic class functions on complex reductive groups, the other is to 
holomorphic evolution PDEs on such groups. 

First we prove that the linear span £c of irreducible holomorphic characters of 
a complex reductive group G is dense in the Frechet space 7ic{G) of holomorphic 
class functions on G. We prove this by showing that the irreducible holomorphic 
characters of a G form an orthogonal basis of the subspace of class functions in 
7i27^(G, d/i), where d/i is a if -admissible measure on G. For a finite-dimensional 
holomorphic representation tt of G, the character Xn of tt is defined by x^rig) — 
ti-TT{g). A function / e H{G) is called a class function if f{gh) ~ f{hg) for 
all g,h G G. It is obvious that holomorphic characters are class functions. We 
denote the linear span of irreducible holomorphic characters by £c, the Frechet 
space of class holomorphic functions by Hc{G), and the subspace of class functions 
in HL^iG, dii) by HLl{G, dii). 



Theorem 6.1. (i) {y X-k ■ G G-h} is an orthonormal basis ofT-lLl{G,d^). 
(a) £c is dense in Ti.c{G) with respect to the Frechet topology. 



Proof. By Theorem l4.11 it is obvious that {\J q — X-k '■ H G G>^} is an orthonormal 

set in 'HL\(G.,d[i). To prove the completeness, it is enough to show that each 
/ e 'HL'liG.d^i) can be expressed as a series of the form X)[7r]eGH ^^X-n- Notice 
that for each [tt] G G-h, 7r|x is unitary, So for x G if, we have 



1 



Gjr^p JQ 
1 



1 



f{g)7r{xgx ^)* d^i{g) 
f{x^'^gx)TT{g)* dn{g) 
f{g)n{gY dfiig) 



This shows T^{g)f{T^) and /(7r)7r((7) agree on K. But they are holomorphic on G, 
by Proposition 12.41 7r{g)f{Tr) — f{n)n{g) for all g G G. Since tt is irreducible, 
by Schur's Lemma, /(tt) = BttI for some constant Bt^. By the Fourier inversion 
formula (5.6), we have / = X][7r]GG-H ^^^'^^^^ which converges both in T-lLl{G,d^) 
and locally uniformly. This proves the theorem. □ 

Corollary 6.2. Every f G 7ic(G) can be expanded uniquely as 

/ = X! 
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The series converges locally uniformly. The coefficients a-^ can he expressed as 

Ott = 7^ / fi9)X7Tig)dii{g) 

L'TT,^ JG 

for each K -admissible measure dji on G such that f G Ti.L^{G, dfi). 

Proof. Choose a JsT-admissible measure d/x such that / G HL^{G,dfi) and apply 
Theorem [mi □ 



Our next apphcation of the holomorphic Fourier transform concerns holomorphic 
evolution partial differential equations on a complex reductive group G. Suppose 
_D is a left-invariant differential operator on G. Consider the evolution equation 
with holomorphic initial condition 



(6.1) 



^ft — Dft 
fo e H{G) 



on G. We have the following result. 

Theorem 6.3. // equation (j6.ip has a holomorphic solution ft £ 'hi{G) for t > 0, 
then the solution ft can be expressed as 

(6.2) ftig)^ J2 dltrie'<^^fo{n)nig)). 

The series converges locally uniformly. Conversely, if the series in the right hand 
side of (j6.2p converges locally uniformly, then it converges to a holomorphic solution 
of equation (j6.ip . 

Proof. Suppose equation (16. 1|) has a holomorphic solution ft G 'H{G) for t > 0. Ap- 
plying the holomorphic Fourier transform to both side of the equation, by Corollary 
15.51 we get 

|/,(^) = (i^/0»-7r(i?)/t(7r). 
This ordinary differential equation of matrix form can be solved directly as 

By the Fourier inversion formula (5.6), we get the desired expression of ft- Con- 
versely, if the series in the right hand side of (j6.2|) converges locally uniformly, then 
a straightforward computation shows that the resulting function ft determined by 
()6.2p dose form a holomorphic solution of equation (16. ip . □ 
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